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DIFFERENTTAL OPERATORS AND STABILITY
ANALYSIS OF THE WAGE FUNCTION

Olala, Gilbert Owuor”

Abstract:

In this paper, a differential operator has been used to solve the wage equation. The subsequent
wage function is analyzed and interpreted for stability. The equation incorporates speculative
parameters operating in free range. The variations of these parameters have caused stability and
instability of the wage function in certain circumstances. Where the wage function is
exponential, asymptotic stability towards the equilibrium wage rate is observed but where it
consists of both exponential and periodic factors, the time path shows periodic fluctuations with
successive cycles giving smaller amplitudes until the ripples dies naturally. It is also observed
that though differential operator is just as effective as variation of parameters demonstrated in

[6], it is rather simple and fast with limited algebra.

Key words: wage equation, wage function, wage rate, equilibrium wage rate, stability, operator

method, and volatile wage rate.

" Department of Mathematics & Computer Science, Kisumu Polytechnic, P. O. Box 143, 40100,
Kisumu, KENYA

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsiINECELERINEIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



June
2014

__‘ﬂ_ﬂl I I' Volume 3, Issue 2 ISSN: 2320-0294

1. Introduction

Wages mean the reward for labor services. In [7] wage is defined as a fixed regular payment
earned for work or services, typically paid on a daily or weekly basis. In [9] wage is viewed as
payment for labour services to a worker, especially remuneration on an hourly, daily, weekly or
by piece. It also views wage as a portion of national product that represents aggregate paid for all
contributing labour and services as distinguished from the portion retained by management or
reinvested in capital goods. In [10] wage is defined according to wages act of 1986. It is the sum
payable to an employee by an employer in connection with that employment. It includes fees,
bonuses, commissions, holiday pay or other emolument relevant to the employment whether
specified in the contract of employment or not.

In [6], a differential wage equation

dAw dw
+a—+aW=>b 1.1
dt? % e e (1)

v v %

functions of labour

witha, = 1, Bl —(0 i j andb = —(mj is developed using linear demand and supply

dw dAw -
N, =np—oW+7— _ i 0 1.2
d 77 +7 dt +l// dt2 ﬁo-> = ( )
and
dw daw

M=—9+AN+3E?+§ Q 1>0 (1.3)

Fv
respectively. In this development, the parameters z,y,$ and & introduced to dictate
employers and laborers expectations have their signs operating in free range. For example,
if 7 >0, a rising wage rate causes the number of laborers demanded to increase. This suggest that
employers expect rising wage rate to continue to rise and prefer to increase employment now
when the wage rate is still relatively low. On the other hand, forz <0, the wage trend will be
falling, and employers will opt to cut current employment while waiting for wage rate to fall

even further. The inclusion of the parameter v makes employers behavior to also depend on the
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dw . . -
rate of change of wage rateF. Thus introducing new parameters z and i injects wage rate

speculation in the model. Similarly, if we let.$>0 , then a rising wage rate causes the number of
laborers supplied to fall and thus laborers expect the rising wage rate to continue rising and
prefer to withhold their services now while waiting for the higher wage rate. On the other hand,
for $<0 , wage rate will shows a falling trend and laborers will prefer to offer their services now
while the wage rate is still relatively high hoping that any delay will make the wage rate fall even

further. Therefore, introduction of the parameter & makes the behavior of laborers to depend

much on the wage rate. An implicit model was then developed by assuming that only labor

demand function contains wage expectations. Specifically, both $and & of function (1.3) were
set equal to zero; while 7 and y of function (1.2) were set as non zero. Further, it was assumed

that labor market clears at every point in time. Equation (1.1) was therefore solved by method of
variation of parameters. The subsequent wage function was analyzed and interpreted for
stability. Speculative parameters, which operate freely dictating employers’ expectations, were
included in modeling this equation. The variation of these parameters was observed to cause both
stability and instability of the wage function depending on circumstances. Where the wage
function was exponential, asymptotic stability towards the equilibrium wage rate was observed
but where it consisted of both exponential and periodic factors, the time path showed periodic

fluctuations with successive cycles giving smaller amplitudes until the ripples die naturally.

In [1], dynamics of market prices are studied. It was found out that if the initial price of the price
function lies off the equilibrium point, then in the long run its stability was realized at
equilibrium position. In [2], equilibrium solutions representing a special class of static solutions
are discussed. The study found that if a system starts exactly at equilibrium condition, then it will
remain there forever. The study further found that in real systems, small disturbances often a rise
which moves a system away from the equilibrium state. Such disturbances, regardless of their
origin gave rise to initial conditions which did not coincide with the equilibrium condition. If the
system is not at equilibrium point, then some of its derivatives will be non zero and the system
therefore exhibits a dynamic behavior, which can be monitored by watching orbits involved in

the phase space.
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The resistance-inductance electric current circuit for constant electromotive force is modeled into
a differential equation in [4].The stability of the solution is studied in the long run and is found to
be a constant, which is the ratio of constant electromotive force to resistance. It was also found
that if electromotive force is periodic, in the long run, current executes harmonic oscillations. In
this case, steady state solution is the periodic part of the solution. The resistance-capacitor
electric current circuit equation was also discussed for constant electromotive force. The solution
was an exponential function, which converges to zero in the long run. Also, in resistance-
inductance-capacitance series circuit, a second order equation was developed. Its solution
consisted of an exponential homogeneous part and a periodic integral part. The study found out
that the homogeneous part converges to zero as time approaches infinity, while the periodic part

exhibits practically harmonic oscillations.

In [5] a natural decay equation was developed. The equation describes a phenomenon where a
quantity gradually decreases to zero. In the work, it is emphasized that convergence depends on
the sign of the change parameter. If the change parameter is negative then it turns into a growth
equation and if it is positive it stabilizes in the long run. The study of slope fields for
autonomous equations and qualitative properties of the decay equation were also demonstrated.
It was found that the solution could be positive, negative or zero. In all the three cases, the
solution approaches zero in limit as time approaches infinity. In the same work, models
representing Newton’s law of cooling, depreciation, population dynamics of diseases and water

drainage are also presented with similar property in the long run.

In [8], a deterministic logistic first order differential price equation is considered. The equation is
solved by an integrating factor. In the analysis of the solution, it is observed that in the long run

asset price settles at a constant steady state point at which no further change can occur.

The current paper therefore proposes solving wage equation [1.1] by operator methods
demonstrated in [3]; analyzing it; and interpreting the results.

2. Solution of the differential equation

In this section, we use differential operators to solve second order differential wage equation
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d W dw
e

ot +a,W =b (2.1)

where aizi,azz—(aj%Jandb:—(MJ. The equation is first investigated for a
4 4 4

complementary solution by solving its homogeneous equation

d’w dw
+a,—+aW =0 2.2
dt? % dt = 2 (22)

The characteristic equation of (2.2) is

r’+ar+a,=0 (2.3)
This equation is quadratic in nature and is solved for r by the quadratic formula to obtain

M, =%(_ali\/a12_4a2) (2.4)
If we substitute back the values of a and a, as given in equation (2.1) the roots become

"1,I’2:1 _li\/(lJ +4{0+2J . (2.5)
2| v 4

The roots (2.5) yields wvaried results depending on the value of the

2
discriminant(iJ + 4[0 1 ﬂ] . This is discussed in three cases.
v v

2
ij +4[0+ ﬂJ > 0then roots r, and r, of the characteristic equation (2.3) are
v W

real and different. The complementary solution therefore becomes

Case I: Suppose (

W, (t) =c, exprt+c,expr,t (2.6)

2
Case Il: Suppose (ij +4(0+2J=Othen the roots r,andr, of the characteristic equation
y Wy

(2.3) are real and equal; that is,
er —qe— @7
2y

and the complementary solution then becomes
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W, (t) = € +C,t Expat. (2.8)
i A
Case Ill: Suppose (lJ +4(GJr J<Othen the roots r, andr, of the characteristic equation
v W
(2.3) are complex; that is,
2
rl,rzzaiiﬁ,witha=—iand,8:£\/—(ij —4[0+/1j (2.9
2y 2\ \y y

The complementary solution therefore becomes

W._(t) = expat €, cos Bt +c, sin Bt (2.10)

To solve equation (2.1) completely requires the demonstration of how to find an integral
functionW, (t) . This is done in this paper by differential operators. The linear differential
equation (2.1) can be written in operator form as

G2 +aD+a, W =b (2.11)

so that it’s integral function takes the form

1
W, (t) = 2.12
(D) ()2+a1D+a2j> (2.12)

Since the right hand side of equation (2.11) is constant, we may write the integral function (2.12)
in the form

W, (t) =b 1 o€t (2.13)

O’ +aD+a, i

so that the integral function becomes

W, (t) = 3 wherea, = —(G—MJ andb= —(MJ (2.14)

a, v 4

This can be simplified to obtain

W) =W =21 s (2.15)

o+ A
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If we consider the complementary solution (2.6) together with the integral function (2.15), the
general solution becomes

W (t) = c, exprt+c, expr,t+W (2.16)
This can further be solved for a particular solution if we make use of the initial conditions.

=0are the initial conditions, then a particular solution is
t=0

Suppose W (t)|_, =W, and dd_Vll

given as

W) =—2 (Wo—aﬂ]exprlt— h [Wo—ailexprztw\? (2.17)

rhL-n 2 2. 2

If we consider the complementary solution (2.8) together with the integral function (2.15), the
general solution becomes

W(t) = € +c,t Sxp€t FW (2.18)
N s dw . :
If we use initial condltlonsW(t)|t=0 =W, and i 0, then the particular solution becomes
t=0
Wt = €, -W §-at exp€t W (2.19)

If we consider the complementary function (2.10) together with the integral function (2.15) the
general solution becomes

W (t) = exp at €, cos it +c, sin ft FW. (2.20)
Solution (2.20) is solved for a particular solution if we use the initial conditions. Suppose we let

W . .
W(t)| =W, and aw = 0 the particular solution becomes
o 70 dt

t=0

W(t):expﬁztﬁ(w0 —V\A/)cosﬁt—%(vv0 —V\7)sin,b‘tJ+V\7 (2.21)

3. Results, analysis and interpretation
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Equation (2.1) has been solved in this paper by differential operators for the first time.

2
1) + 4(0 - ﬂj >0, the general solution is found as
Wy Wy

When(

W (t) =, exprt+c, exprt+W (3.1)

with 1, andr, described in solution (2.4), and W in solution (2.15). In this case,

2
supposey >0, then4(0—+i)>0 and[i] +4[J+AJ>O,Vvaluesof 7. The solution (3.1) is
v y y

2
therefore valid. Moreover, withy, > 0, since o, 1 >0, (LJ + 4(J—MJ is positive and its square
y 7%

2
root exceeds (ij . Therefore solutions (2.4) produce one positive root r,and one negative
v

rootr,. Consequently, inter temporal equilibrium is dynamically unstable. For the function (3.1)

to be stable, we have to set constant c, to zero so that it becomes

W (t) =c, expr,t +W (3.2)
B X dw ;
If we use the initial conditions W (t)|t=0 =W, and —| =0then solution (3.2) becomes
t=0
w(t)= €, -W expr,t+W (3.3)

The solution (3.3) is now investigated for stability by taking the limit as t tends to infinity, i.e.
w)=lim_,, [, -W exprt+w (3.4)
In this case, (IO —W :is constant and the value of limit function (3.4) depends on the exponential

factorexpr,t. In view of the fact thatr, <0, (/0 ~W Exp r,t >0ast —oo. The limit function
(3.4) therefore becomes

W (t) =W . (3.5)
This means time path of the wage function (3.3) consequently moves towards equilibrium

position in the long run.
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Considering particular solution (2.17), suppose we lety <0 with o, 4 >0, the expression under

2
the square root in solution (2.4) is less than (LJ and the square root must be less thani;
4

2
therefore for (LJ +4(G+1J>O, if we letz <0,then the roots of (2.4) would produce two
v v

negative roots. The solution (2.17) is therefore investigated for stability by finding its path, i.e.

n

W (t) =lim,_,, (r_zj €, W exprt- Iimt%(
r

2 1

4 J(VO—V\A//exprthimeV\A/. (3.6)

2 1

r2 1

2 1

: r - r o o
In this case, ( : J(lo ~W and ( ! J(lo —W are constants and the value of the limit

function (3.6) depends on the exponential factorsexprtandexpr,t. In view of the fact that
r,,r, <0the limits of the first and second term of function (3.6) both tends to zero; thus

W(t) =W . (3.7)
This means that the wage function (2.17) consequently moves towards the equilibrium position

in the long run and it is therefore dynamically stable so long asyy <O0and 7 <0.

2
Interestingly, if we consider(ij +4(6+/1J:0, the general solution of equation (2.1) is as
v w

shown in (2.18). If we use the initial conditions, a particular solution (2.19) is obtained and it is

investigated for stability, by taking its limit as time tends to infinity i.e.
w)=lim_, [, -W € ot Bxp€t 3 W (3.8)
In this case, the first term of the Ilimit function (3.8) consists of a linear

A Y ) <
factor (/0 -W j—at}nd anexponential factorexp€t . Its value therefore depends on the

exponential factorexp(xt:. In view of the fact thato <0, (/0 —W }—at}xp@t:—w ast — oo,
The limit function (4.8) therefore becomes

W (t) =W . (3.9)
This means the time path of the wage function (2.19) consequently moves towards the

equilibrium wage rate as time tends to infinity.
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Further analyses of the limit functions (3.4), (3.6) and (3.8) is possible by considering the
relative positionsW, andW ; that is, by comparing the relative positions of the initial wage rate
and the equilibrium wage rate. This is discussed in three different cases.

CASEI: In this case, we consider both the limiting functions and let W, =W .This means the

limit functions (3.4), (3.6) and (3.8) becomes W (t) =W at an infinite time, which is a constant

path and is parallel to the time axis. The wage function in both situations becomes stable at

equilibrium wage rate in the long run.
CASE I1: In this case, we letW, >W . The first term on the right hand side of function (3.4) is

positive but it decreases since ast — oo it is lowered by the value of the exponential factor

expr,t forr, <0. The first term on the right hand side of function (3.6) is positive if r, >r, and
the second term is only positive if r, <r,.Therefore, they will decrease since as t — oo they are
lowered by the values of the exponential factors expritand expr,trespectively. Finally, the first
term on the right hand side of function (3.8) is positive but it decreases as t —oosince it is
lowered by the exponential factor exp(xt:. The limit functions (3.4), (3.6) and (3.8) thus have
their time path asymptotically approaching the equilibrium wage rate W from above, and in the
long run, become stable.

CASE II1: In this case, we let, W, <W i.e. the initial wage rate is taken to be less than the
equilibrium wage rate. The first term on the right hand side of the limit function (3.4) is negative
and the exponential factor infinitely makes W,to rise asymptotically towards the equilibrium
wageW ast —>oo. Similarly, the first term on the right hand side of function (3.6) is negative if

r, > r,and the second term is only negative ifr, <r,, making W, to rise asymptotically towards

the equilibrium wage rate W ast — co. Finally, the first term on the right hand side of function

(3.8) is negative and it infinitely makes W, to rise asymptotically towards the equilibrium wage

W ast —> oo . These three cases are illustrated in figure 3.1.
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Figure 3.1: Stability Analysis of the Wage Function

Figure 3.1 shows that WhenW0=V\7,thenW(t)=V\7, which is a constant function.
IfW, >W, thenW (t) decreases asymptotically towards W, and if W, <W thenW (t) increases

asymptotically towards the equilibrium wage rate W. The results therefore shows that as t — o,
the functions (2.17) and (2.19) approach the equilibrium wage rate and becomes stable so long as

w<0and7r<0.

2
We now turn to investigating the solution when (1) +4(0+/1J <0 . In this case, the general
Wy y

wage function (2.20) has been developed. If the initial conditions are used, a particular function

(2.21) is obtained. The function (2.21) is now investigated for stability, i.e. since « = _ZL is the
s
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real part of the complex root if we letyy <Oand z <0, thena<0. The wage function (2.21)

therefore becomes dynamically stable. The time path in this case is one with periodic fluctuation
.27 . . . . 27 .

of period—; that is, there is a complete cycle every timet increases by?, where S is as

defined in (2.9). In view of the multiplicative factor expat the fluctuation is damped. The time

path, which starts from the initial wage, W(t)|t:0 =W, converges to an inter-temporal

equilibrium wage W (t) =W in a cyclical fashion. This is illustrated in figure 3.2.

W (t) 4
W, -
0 »

Figure 3.2: Periodic Stability Analysis of the Wage Function

Figure 3.2 show that sincea <0, the exponential factor expatcontinually decreases as

t — coand each successive cycle gives smaller amplitude than the preceding one and the ripples

naturally dies slowly.

4. Conclusion

In this paper, a differential operator has been used to solve wage equation. The subsequent wage
function is analyzed and interpreted for stability. The equation incorporates speculative
parameters operating in free range. The variations of these parameters have caused stability and
instability of the wage function in certain circumstances. Above all, where the wage function
takes an exponential form with particular assumptions, as time approaches infinity, it

asymptotically approaches the equilibrium wage rate. Where as in a case of an exponential and a
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periodic factor, the time path shows a periodic function whose successive cycles elicit smaller

amplitudes, which eventually dies naturally at equilibrium wage rate as time approaches infinity.

It is also observed that though differential operator is just as effective as variation of parameters

demonstrated in [6], it is rather simple and fast with limited algebra.
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